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ABSTRACT

Let G be a finite group and X a field of prime characteristic p. Let 4 be an
irreducible KG-module and P;(4) the projective cover of A. In this paper we
show that

®,(C5(4)) = C(Ps(4)/Pg(4)J(KG)?) = C(d) N D,(G),
where, for a group H, ®,(H) = ®(H mod O, (H)).

The above formula was already established by Stammbach for 4 in the
principal block of G. Our method, which extends those of [15] and [12],
applies indifferently to the general case.

Well-known results on the centralizers in G of the set of the composition
factors of P;(A) or P;(A)/P;(A)J(KG)? are due to Michler [13], Willems [17]
and Pahlings [14]. The special case 4 = K =F, is of particular interest and
several results on this appear, aside from the already quoted papers, in
Aschbacher-Guralnick [1], Brandis [2], Gaschiutz [9], Griess—Schmid [4],
Gruenberg [6], Kovacs [10], Stammbach [16] and Willems [18].

The general results and notation on group theory proceed from [8] and [9),
and on cohomological topics from {5] and [7].

Observe that, as it is remarked in [15], the above formula applies also to
Soc*(Ps(A)).

§1. Previous results

We need to apply some results of [12]. As there it is always assumed that
K = A =F,, we begin by extending some of them to the general case.
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1.1. LEMMA. Let V be an irreducible KG-module. Let U be an irreducible
F,G-module such that V is a component of UX:=U ®F, K. Denote V, the
F,G-module obtained from V by restriction of the ground-field. Then V, is
isomorphic to a direct sum of copies of U. In particular C;(V) = Cg(U).

PrOOF. By [9] VII, 1.15 UX is in particular a completely reducible KG-
module, say
VK=V, @®..- OV,

where V, = V. Assume that K = @iez F,. Then we have
S U=W)=)®- - BW).

i€l

The lemma follows now immediately. O

1.2. DEFINITION. Let V be an irreducible KG-module and let U be an
irreducible F,G-module such that V is a component of U¥. Then we set

Dg(V) := Dg(U).
Recall that D;(U) is defined as follows:
Dg(U) =N {R<G; U =; C;(U)/R, which is complemented in G},
if U is isomorphic to a complemented (chief) factor of G, and
Dg(U) := Cs(U)

otherwise (see [12]; cf. also [10]).
Then Cg(U)/ Dg(U) is the U-crown of G (see [3], [11)).
Definition 1.2 is consistent, as such a U is uniquely determined by V.
We have the following cohomological characterization:

1.3. ProPOSITION. Let V be an irreducible KG-module. Let N be a normal
subgroup of G such that N = Cz(V). Then N < Dg(V) ifand only if H\(G, V) =
HY(GIN, V).

ProoF. Assume that N =D:=Dy V). To conclude HYG,V)=
H'(G/N, V) it suffices to show that the inflation « : H{G/D, V)— HYG, V) is
an epimorphism. Consider the inflation-restriction sequence

0— HYG/D, V)—~ H(G, V)£~ Homg,,(D, V)

relative to the extension of groups 1 -D -G — G/D — 1.
We show that 8 = 0. Let EEHY(G, V). Let V=D, U. Let n,: V— Uthe
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canonical projection corresponding to i €. We have the commutative and
exact diagram:

0—— HYG/D, V)— HYG, V)~ Homgp(D, V)
l (R l (), l )y
0— HYG/D, U)—~ HG, U)—Z~ Homgp(D, U).

Then &Bm; = (EF)m), =&(m), B =0, by [12] 2.2. Therefore &8 =0.
And g =0.

Assume conversely that HY(G, V)= H'(G/N, V). We use the canonical
inclusion z;: V' — U and follow an analogous way to conclude H(G, U) =
HY(G/N, U). [12] 2.2 assures then that N < D;(U). O

1.4. DEFINITION. Let V¥ be an irreducible KG-module. Let ¢ EHY(G, V).
Let 0—V—FE—K—0 be a short exact sequence of KG-modules, which
represents £. We set then Ci(&) = C;(E), and:

C(G, K) = (V; Vis an irreducible KG-module, H'(G, V) # 0),
C(G, K)=(VEC(G, K), I¢EHNG, V) with C(§) < Co(V)),
GG, K) = C(G, K) — C(G, K),

where we identify isomorphic modules, that is C(G, K), C,(G, K) and
C(G, K) consist actually of isomorphism classes of irreducible modules.
(Observe that C(G,K) is the set of the composition factors of
Ps(K)J(KG)/Ps(K)J(KG)™. If K = F,, then we have the sets C(G), C,(G) —
the set of the complemented abelian p-chief factors of G — and Cy(G) of [12].)

1.5. LEMMA. Let V be an irreducible KG-module and U an irreducible
F,G-module such that V is a component of UX. Then V€ C(G, K) if and only if
UeC(G,F)).

PrOOF. We must show that H'(G, V) # Oifand only if H'(G, U) # 0. As U
is a direct summand of ¥V, then H'(G, U) # 0 implies H'(G, V) # 0.

Assume conversely that H'(G, U) = 0. Let d be a derivation from G to V.
Let V,= @,-e, U and =;: V— U the canonical projection corresponding to
i €I. Then dr; is a derivation from G to U. As HY(G, U) =0, then dn; is an
inner derivation. Hence there exists ¥, € U such that gdn; = u; g — u; for every
ZEG. ThesetJ = (jEI: gdn; # 0 for some g €G) is finite, because @,-e, Uis
a sum and G is finite. Therefore gd = 2, gdn; for every g €G. So we have



Vol. 67, 1989 PROJECTIVES OF A GROUP ALGEBRA 173

gd=7 (ujg—uj)=<j§,uj>g_( )y uj).

jeJ jeJ
Hence d is an inner derivation, and HY(G, V) = 0. a

1.6. THEOREM. Let VEC(G, K) and UEC(G,F,) such that V is a com-
ponent of UX. Then VEC\(G, K) if and only if U is isomorphic to a com-
plemented chief factor of G.

PROOF. Assume first that UE€ C\(G, F,). Let C/D be the U-crown of G. Let
C/R be a chief factor of G such that D < R. So U is isomorphic to C/R, which
is complemented in G. We have an F,G-epimorphism 7 : C/D — U with
kernel R/D. Let u: U~ V any F,G-monomorphism. Consider the short exact
sequence of groups

1-C/D—->G/ID—=G/C—1.

The 5 term exact sequence is natural. So we have, by [12] 2.3, the exact and
commutative diagram:

0-— HYG/C,U)— H'G,U)— Homg,c(C/D,Uy— 0

l Hy l He l Ha i Py
0— HYG/C, V)—— HYG, V)~ Homg,(CID, V)—2> H¥GIC, V).

Let now ¢ =nu,. Then pA=0. So there exists EH'(G, V) such that
&B = ¢. By [15]14.1 we have Cyp(&) = ker(&B) = ker m = R/D. Hence Cg(&) =
R. In particular VEC|(G, K).

Assume now that VEC\(G, K). Let EEHY(G, V) such that Cz(&) < Ce(V).
Consider the above diagram. We have in particular that 8 0. Hence C # D.
Therefore UE€C\(G, F,). O

1.7. CorOLLARY. IfVEC(G, K), then (N (Cs(&); EEHN(G, V)) = Dg(V).

Proor. If VECK(G, K) and EEHY(G, V), then Ci(&) = Cx(V) = Dg(V)
by 1.5, 1.6, 1.2 and 1.1.

Assume that ¥V €C(G, K) and let U € C\(G, F,) such that V'is a component
of UX. Let C/D be the U-crown of G. Let C/R be a chief factor of G with
D =< R.In the first part of the proof of 1.6 we see that there exists ¢ € HY(G, V)
such that C;(&) = R. As C/D is completely reducible we obtain by 1.6 and the
Remark (ii) to 4.1 of [15], which we will use in the sequel without explicit
mention, that
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N(Ce(£); CEHNG, V) = De(V).

On the other hand, if £ € H'(G, V) we see at the end of the proof of 1.6 that
Ds(V) = Cg($). 0O

We recall the following definitions given in [12]:
F(G) =M (C; C/D is an abelian p-crown of G),
@2(G) =M (D; C/D1is an abelian p-crown of G),
6,(G) = N (Cs(U); UECKG, F,)).
Then we have:

1.8. COROLLARY. One has the following equalities:

(1) N(Ce(V); VEC(G, K)) = PA(G),

(2) N(Ce(&); EEH'(G, V), VEC(G, K)) = D(G),

(3) N(Cs(&); (EHYG, V), VECYG,K) =N (Cs(V); VECKG,K)) =
6,(G),
p(4) (Griess—-Schmid [4] and Pahlings [14])

Ce(Ps(K)J(KG)/Ps(K)J(KG)?) = F,(G),
(5) (Stammbach [15]) Co(P(K)/Po(K)J(KG)?) = ®,(G).

PROOF.
(1) N(Cs(V), VECKG, K) =N (Ce(U), UEC(G,F,)) (by1.6and 1.1)

= F}(G). (by 2.7 of [12)).
(2) Is a consequence of the definition of $2(G) and 1.7.
(3) Proceed analogously as in (1).
(4) Co(Pe(K)J(KG)/P5(K)J(KG)?) = N (Ce(V); VEC(G, K))

= F;(G) N 6,(G) = F,(G)
(by 2.11 (b) of [12]).

(5) Co(Ps(K)Pe(K)J(KG)Y) =M (C5(&); EEHYG, V), VEC(G, K))

= ®4(G) N 6,(G) = B,(G)

(by 2.11 (c)of [12]). O

§2. The general case

In this paragraph A is an irreducible XG-module.
Let B be a KG-module, £{ €EExty;(4,B) and 0—B —E — A4 —0 a short
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exact sequence of KG-modules, which represents £. We set then, by extension
of Definition 1.4: C;(&) = C4z(E). And

C(G, A) =(B; Bis an irreducible KG-module, Exty;(4, B) # 0),
C(G,4)=(BEC(G, A); AL EExtgs(d4, B) with C4(&) < Cp(4) N Ce(B)),
C(G,4)=C(G,4)— C(G, A).

Observe that C(G,A) is the set of the composition factors of
P(A4) J(KG)IPz(A) J(KG)>.
In addition we set N:= C;(A4).

2.1. LeMMA. Let BEC(G, A) and 0 # EEExty;(A, B). Then one of the
Jollowing assertions is true;

(1) Ce(§)=N.

(2) The irreducible components of B |y belong to C(N, K).

Proor. Consider the short exact sequence of groups
l1>N—-G—=G/IN—1
and the inflation-restriction sequence
0—H'GIN, (4* @, B)") & H(G, A* @ B) & H'\(N, 4* @ B).

By hypothesis £ € H'(G, 4* @y B) = Extx;(4, B).

If §8 =0, then 0 # £ €im a. In particular BY # 0. Hence BY=B,as Nisa
normal subgroup of G and B is an irreducible KG-module. Then
A* @, B)" = 4* Q B. Therefore &£ € H'(G/N, A* @y B) = Extygn (A4, B).
In particular N = C;(€). Hence N = Cg( &), because Cy(&) = Cy(4) = N. And
we have (1).

Assume now that &8 # 0. In particular H'(N, A* X «B) # 0. As Ais a trivial
N-module it follows that H'(N, B |,) # 0. Let W be an irreducible component
of B ly. Then B ly is a direct sum of G-conjugates Wg of W, by Clifford’s
theorem. As HY(N, Wg)= H'(N, W), it follows that H'(N, W) # 0. Hence
WeC((N, K). And we have (2). O

2.2. LEMMA. Let BEC(G, A) and 0 # EEExty(A4, B). Then one of the
following assertions is true:

(1) Co(f) = Cy(B).

(2) If W is an irreducible component of Bly, then WEC(N, K) and
coreg Dy(W) = Co(&) < Cy(B).
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ProOF. let 0— B — E — A4 — 0 be a short exact sequence of KG-modules,
which represents £. Let (E;/B;i€I) and (B/B;;jE€J) be, respectively,
the sets of the irreducible components of (E/B) !y and of the irreducible
quotients of B |y.

We first prove that Cg(E) =g s Ch(E;/B). We have that
CWEY=NNCyEE)=Cgx(E), as Ce(E)=Cgz(4)=N. It is obvious that
Cy(E) = Nierjes C(E/B;). Now let g EMN ey ey Cy(Ei/B;). Lete EE . Leti E1
such that e€E;. Then eB,EE;/B; for every j€J (we use multiplicative
notation). Then [g, e] € B; for every j EJ. Therefore [g, e] = 1, because B |y is
completely reducible. Hence g € Cy(E).

Assume that (1) 1s not valid. Then there exist i €I and jE€J such that
Cw(E;/B;) < Cy(B/B;). On the contrary we should have

Co(E)= M Cy(E/B)= ﬂJ Cy(B/B;)
JE

i€l,jes

= N Cy(B/B))* = Cy(B) (by Clifford’s theorem)

8EG

contrary to the hypothesis. We thus have a short exact sequence of KN-
modules:

with Cy(E;/B;) < Cy(W). Therefore W& C(N, K). The rest follows imme-
diately. O

2.3. CoROLLARY. @2(Cs(4)) = M (Ce(&); EEExty6(4, B), BEC(G, A)).

Proor. @2(N)=\(Dx(U); UECN,F,)) is a characteristic subgroup of
N, hence normal in G. O

2.4. LEMMA. Let WEC(N, K). Then one of the following assertions is
true:

(1) W=K.

(2) There exists BEC(G, A) such that W is a component of B \y.

Proor. By hypothesis, H'N,W)#0. By Shapiro’s lemma,
HYG, W 15) # 0. Then there exists a composition factor ¥ of W 1% such that
HY(G, V) # 0. (W 19) ], is a direct sum of G-conjugates of W, by [8] V, 16.10.
By the Jordan-Hélder theorem, W is a component of V' |{y.

As HY(G, V)+#0, then there exists a non-split short exact sequence of
KG-modules
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(e) 0=-V—=F—K—0.

With the diagonal action one obtains the short exact sequence of KG-
modules

€ 04 Q@ V-4 Q@ F~>a—0.

P;(A)is the projective cover of 4, hence we have the commutative and exact
diagram:
0— Pz(A)J(KG)— Pz(4)—A—0

b Voo

04 Q V-4 Q F—a—0.

(1) Assume that u=0. Then (e’) splits. Therefore, 4 ®KF =40
“ ®K V). Let A lN s= @,E, K. One obtains

o Fl~§<@ K>ea(@ VlN>.

i€l H S i€l

By the Krull-Schmidt theorem, F l =KDV l ~. Consider now the
inflation-restriction sequence

0— HY(GI/N, VV)— H\G, V)—2> H'(\N, V)5,

The sequence (e) corresponds to a non-zero element ¢ EHYG, V). As
F lN =KV iN, &8 = 0. Hence 0 # &£ €im a. In particular V¥ # 0. There-
fore N = C¢(V), as V is irreducible and N normal in G. Therefore W is the
trivial KG-module.

(2) Assume now that u #0. Let B =P;(4)J(KG) M be an irreducible
quotient of Py(A4)J(KG)/ker u. We obtain a short exact sequence of KG-
modules

0—B—Py(A)/)M—A—0,

which does not split. So BEC(G, A).
We have (4 ®K V) l N == @,-E, V l ~. W is isomorphic to a component of
B l ~» Since im u is a submodule of A ®K V. O

2.5. CoroLLARY. ([14], Satz 2;[15], 3.1)
Co(4) N Ce(Ps(A) J(KG)/P(4)J(KG)*) = F,(Cs(4)).

ProoOF.
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Ce(4) N Co(Ps(4) J(KG)/P(A) J(KG)?) = N N (N (Ce(B); BEC(G, 4)))
= (Cy(B); BEC(G, A)).
On the other hand,
N (Cy(W); W EC(N, K)) =N (Cy(B); BEC(G, 4)) (by 2.1)
=N(Cy(W), WECN,K)) (by2.4).
Apply now 1.8(4). O
2.6. COROLLARY.
N(Cs(&); EEExtye(4, B), BECAG, A)) = (Co(B); BECAG, A)) =
6,(Cs(4)).

ProOF. The first equality follows from the definition of C(G, 4).

Let WEC,N, K). Let U be an irreducible component of W,. Then
UECLN,F,), by 1.6. In particular C,(U) <N.Hence Cy(W) <N, by 1.1. By
2.4 there exists BEC(G,A) such that W is a component of B l N If
EEExtgs(4, B), then it follows from 2.2 that C;(&)= Cy(B). Therefore
B EC,(G, A). On the other hand, B l ~ 15 a direct sum of G-conjugates of W,
by Clifford’s theorem. Hence Cy(B) = core; Cy(W). Therefore we have:

N (Cs(B); BECKG, A)) = M (coreg(Cy(W)); W ECYN, K)) = 6,(N),
by 1.8. O
2.7. COROLLARY. ®,(C5(4)) = Cs(Ps(A)Ps(A)J(KG)).

Proor. It is a consequence of 2.3 and 2.6, because P5(N) N 6,(N)=
d,(N), by [12] 2.11(c). O

2.8. LeMMA. Let UEC(N, F,) and C/D the U-crown of G. Assume that
DNN<CNN=:M. Let M/L be a chief factor of G such that D NN = L.
Then there exist BE C(G, A) and & EExty(A, B) such that Cs(&) = L. More-
over U l ~and (By) i ~ have the same set of irreducible components. If W is such
a component, then W€ C\(N, K) and

coreg Dy(W) = M (C(&); £ EExtys(4, B)).

Proofr. The short exact sequence of groups:
) 1-U=M/L—->G/L—-G/IM—1
splits by hypothesis. Let ¥ be an irreducible component of UX. Let B be an
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irreducible component of (4 & V(4 @ V)J(KG). As Vs irreducible, the
canonical projection A ®K V — B leads to a monomorphism V' — A* ®KB.
U is a component of V,, hence we obtain a G-module monomorphism
w:U—A* ® ¢ B. The 5-term exact sequence relative to (s) gives the commu-
tative and exact diagram:

0—HY(G/M, Uy— HYG/L, Uy—Homg;,(U, U) 5 HYGIM, V)

- LR -
0— HYG/M, Y)—~ HYG/L, Y) & Homg, (U, Y) & HYG/M, Y),

where Y = 4* ® « B. (s) splits, hence 1A = 0. Therefore uA’ = 0. Then there
exists EEHY(G/L, A* ®1< B) = Extgg,.(4, B) such that &8’ = u. Therefore
Con(&)=ker&f’ =keru, by [15] 4.1. Hence Cz(é)=L. As M=

NN Ce(V)=Cq(4 ®K V), we have M = C;(B). And we are on the case (2) of
Lemma 2.2. a

2.9. LEMMA. Let C/D be an abelian crown of G. Let M be a normal
subgroup of G. Then CNM =D N M ifand only if M = D.

ProoF. fCNM=DNM,then CNDM=D(CNM)=D(DNM)=
D, by Dedekind’s law. Therefore CM/DM =; C/D. Hence

M =CM = C4e(CMIDM) = Cy(C/D)=C.
Therefore M = C N M =D N M. The converse is obvious. 0

2.10. THEOREM.

D,(Cg(4)) = Co(Ps(A)/Ps(4)J(KG)?) = Cs(4) N ®,(G).

PROOF. Set Xg(4) =M (Cx(E); EEExtys(A, B), BEC|(G,A)). Let BE
Ci(G, A) and £ EExty;(4, B). Let Wbe an irreducible component of B l ~-By
2.1 either C;(&) = N or WeEC(N, K). In this last case W belongs actually to
C,(N, K), by definition of C,(G,A4) and 2.2. And then we have C;(¢)<

Cn(B) = Cy(W). From 2.4 it follows that X;(4) < F;(N).
On the other hand 2.8 and 2.9 imply X;(4) = @5(G). Therefore we have:
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Co(Ps(4)/Ps(4) J(KG)?)

= §,(N) N X5(4) (by definition of X;(4) and 2.6)
=6,(N)N F;(N)ND5(G)
= F,(N) N ®2(G) (by [12] 2.11(b))
=N N F,(G) N ®4(G)
=N NP,(G) (again by [12] 2.11(b)).
Finally consider 2.7. O
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